The dynamical behavior of a delayed energy supply-demand model is investigated by taking the delay as the bifurcating parameter. As the time delay varies, stability switches for the equilibrium solution may occurs.
Introduction
Wang et al. [2] have studied the influence of time delay parameters on the stability of a model of energy supply-demand with two delays. They found that in order to keep the stability of the system, the value of delays has to be less than the bifurcation value or the combination of delays and other parameters in the stable region. Otherwise, the system will go through huge fluctuations. Their analysis was conducted using distinct time delays parameters. In this paper, we consider the case in which both time delays are equal. Assuming τ 1 = τ 2 = τ, their model takes the form
where x is the energy demand, y is energy supply, z is the energy imports, w is the utilization of renewable energy resources, a i , b i , c i , d i , M, N > 0, N < M , and τ is time delay. Applying the Jacobian matrix method, the characteristic quasi-polynomial is determined and based on the result of Routh-Hurwitz criterion, it is cleared the conditions that are satisfied by model (1) in order to be locally asymptotically stable in absence of delay. When a time delay is included, then it is found the existence of a critical value τ * such that the model (1) is locally asymptotically stable if the time delay does not exceed τ * and it undergoes a Hopf bifurcation at τ * If τ > τ * , there may have stability switches.
Local stability and existence of Hopf bifurcation
The linearization of the system (1) in a neighborhood of the equilibrium E(x * , y * , z * , w * ) yields the following characteristic equation
where
with A i , B i , C i defined as in Wang et al. [2] . Firstly, we investigate the local stability of the equilibrium point of the case without delay (τ = 0), so the characteristic polynomial is
According to the Routh-Hurwitz criterion, the equilibrium point is stable if condition (H 1 )
We will now explore how the time delays affect the dynamics of (1). Let λ = iω (ω > 0) a root of Eq. (2). Substituting it into (2) and separating the real and imaginary parts, one arrives at the following two equations
Taking square on the both sides of the Eqs. (3) and (4), and summing them up, we obtain
Let u = ω 2 . Then Eq. (5) becomes
The fact that Eq. (6) has positive roots is a necessary condition for the existence of the pure imaginary roots of Eq. (2). From Li and Wei [1] , we have the following results.
Lemma 2.1. If M 0 < 0, then Eq. (6) has at least one positive root.
where 2) If ∆ < 0, then Eq. (6) has positive roots if and only if there exists one u * ∈ {u 1 , u 2 , u 3 } such that u * > 0 and P (u * ) ≤ 0.
Suppose that Eq. (6) has positive roots. Without loss of generality, we assume that it has four positive roots, denoted by ω k = u * k , k = 1, 2, 3, 4. Then, the characteristic equation (2) has a pair of purely imaginary roots λ = ±iω k , and the corresponding critical values τ (j) k for τ are obtained by solving Eqs. (3) and (4) for sin ω k τ and cos ω k τ. One finds
We can define τ * = min τ
k , k = 1, 2, 3, 4 . Using the previous Lemmas, we can easily obtain the following results on the distribution of roots of the (2). Proposition 2.3. Let us assume the equilibrium E(x * , y * , z * , w * ) to be stable in absence of delay, i.e. hypothesis (H 1 ) holds.
1) If one of the following results is satisfied:
iii) M 0 ≥ 0, ∆ < 0, and there exists at least a u * ∈ {u 1 , u 2 , u 3 } such that u * > 0 and P (u * ) ≤ 0, then all roots of the characteristic equation (2) have negative real parts when τ ∈ [0, τ * ).
2) If the conditions i)-iii) of 1) are not fulfilled, then all roots of the characteristic equation (2) have negative real parts for all τ ≥ 0.
Let λ (τ ) be the root of (2) near τ = τ * such that Re(λ(τ * )) = 0 and Im(λ(τ * )) = ω * . Lemma 2.4. Suppose that P (ω 2 * ) = 0, where P is defined as in (6). Then
Proof. Differentiating Eq. (2) with respect to τ, one gets dλ dτ
A long and tedious calculation yields
Therefore a pair of pure imaginary roots λ = ±iω * cross the imaginary axis from left to right if sign [P (ω 2 * )] > 0. On the contrary, if this sign is negative the crossing of imaginary axis is from right to left. Theorem 2.5. Assume that the equilibrium point E(x * , y * , z * , w * ) of system (1) is locally asymptotically stable or unstable without delayed time.
1)
If P (u) = 0 has no positive solutions, then no stability switch exists.
2) If P (u) = 0 has at least a positive solution, then there exists at least one stability switch and system (1) undergoes a Hopf bifurcation at this switch.
